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1. Introduction

• In signal and image processings quaternions, hypercomplex numbers
expressed as q = q0 + q1i + q2j + q3k, where i2 = j2 = k2 =
ijk = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j are used. For
a reference, see Miran et al. (2023).

• In time reversal based nonlinear elastic wave spectroscopy (TR-NEWS), 
convolutions of an ultrasonic wave and its time reversed (TR) ultra-
sonic wave are measured, and position of anomalous scattering posi-
tions are searched.

Recent progress of non-destractive testing (NDT) using ultrasonic wave
is reviewed in Dvorkava et al.(2023). For application in medical inves-
tigation, Classification of Difffeent Source(CDS) and Classification of
Different Positions(CDP) techniques are presented. For measuring the
Hellinger divergence of CDS and CDP of nonlinearly scattered ultra-
sonic waves, the pulse inversion method was used.







2. Fixed point lattice action of phonetic waves in Weyl fermion 
sea

• For the lattice simulatiion of propagation of ultrasonic wave in materi-
als, we replace Dirac fermions to Weyl fermions expressed by quater-
nions. Since the ultrasonic waves are expressedby the third order poly-
nomials x ( t ) , x 2 ( t ) and x3( t ) , we assign amplitudes of these compo-
nent to imaginary part of quaternions.

• The lattice simulation of ultrasonic waves in materials are done by
modifying fixed point (FP) actions proposed by deGrand et al. (1998)
in quantum chromodynamics (QCD). Restricting the path length less
than or equal to 8 lattice units, they considered 28 paths. We omit the
path that runs on a periphery of a unit plaquette twice. We search the
optimal weight function of the 27 paths, that yield the minimal action.
For optimization, we adopt the machine learning (ML) techniques.



• Paths on a 2D plane, which are called A type, consist of 7 paths.
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Fig.1 The L1 , L2 , L18 ,L5, L6 and L11 , L12 on 2D planes.
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• The B type loops consists of paths on a 2D plane and on another plane
expanded by e1 and e2 connected by two parallel paths along e1 ∧ e2.
The simplest path L3 is indicated in Fig. 2. The path from lower plane
to upper plane is denoted by a blue circle and the opposite direction is
denoted by a red circle. The first step on a 2D plane is one lattice unit
along e1,

Fig.2 The L3 loop on a (2+1)D lattice space.
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Fig.3. Link paths L4 , L26 , L8 , L10 , L15 , L13.
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Fig.4. Link paths L16 , L17 , L14 , L9 , L7 , L27.

L27

6



















14

• After the singular value decomposition (SVD) of eigenvalues of the 4×4
matrices, we obtain two eigenvalues at each steps.

• The eigenvalues of loops L19 , L20 , L25 and , L21, L22 with t =
e2e4, e3e4 are shown in Fig.8. Those of loops L23 , L24 and L21 , L22
with t = e1e4, e3e4 are shown in Fig.9.

• At fixed i, eigenvalues monotonically increase as j increases as the
string theory.

• Actions are calculated by taking the derivative with respect to j at ( i , j ) .
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Fig. 8 Eigenvalues (left) and actions (right) of L19 , L20 , L25 and L21 , L22 
with e2e4 step 3 after Singular Value Decomposition (SVD). Red points are 
contribution of large eigenvalues, green points are contribution of small 
eigenvalues.
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Fig.9 Eigenvalues (left) and actions (right) of L23 , L24 and L21 , L22 with
e1e4 step 3 after SVD. Red lines are the contribution of large eigenvalues,
green lines are contribution of small eigenvalues.
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